In this work, a finite volume formulation developed for two-dimensional models is extended to deal with axisymmetric models of heat conduction applications. This formulation uses a vertex centered finite volume method and it was implemented using an edge-based data structure. The time and domain discretization using triangular meshes is described in details, including the treatment of boundary conditions, source terms, and domains with multiple materials. The proposed formulation is validated and proves to be effective and flexible through the solution of simple model problems.
Introduction
Finite Volume Methods (FVM), are especially attractive for the solution of conservation laws problems. The construction of FVM methods capable to deal with unstructured meshes can be of utmost importance in order to handle applications that involve complex geometries (AGARD Report 787, 1992) . The node-centered FVM using an edge-based data structure, which was presented in Lyra et al (2004a) , is very flexible to deal with control volumes of different shapes associated to generic unstructured meshes.
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When studying complex problems, bi-dimensional models may become quite limited when studying complex problems. On the other hand, a fully three dimensional model may lead to heavy computational requirements which may sometimes turn the analysis unfeasible. In many situations the tri-dimensional modeling may be avoided due to the axisymmetric behavior of the problems. Therefore, it is interesting to develop a FVM formulation suitable to deal with axisymmetric models, where the plane discretization is rotated 2π radians around the axis of symmetry. In the present paper a vertex centered finite volume formulation using median dual control volumes is developed and implemented for the simulation of axisymmetric heat conduction problems subjected to different types of boundary conditions (Dirichlet, Neumann, and Cauchy) and to some non-conventional loads, considering also systems with multimaterials. The temporal discretization is done by a simple first order Euler-forward finite difference method.
The use of an edge-based data structure is very effective in terms of reducing: indirect addressing to retrieve local information required by the solver; CPU time and memory requirements (Barth, 1992; Peraire et al., 1993; Sorensen et al., 2001; Lyra, 1994a, b) , particularly when three-dimensional models are adopted.
In the next section we briefly describe the physical and mathematical models addressed. Then a detailed description of the finite volume formulation proposed for such class of models is fully developed and validated by considering the solution of simple model problems which allow to illustrate the versatility and effectiveness of the whole procedure. Finally, some conclusions and the present status of this research are presented.
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Mathematical Model
As mentioned previously, an axisymmetric heat conduction model is adopted, where the z-axis is the axis of symmetry. Then it is convenient to formulate the problem using a cylindrical coordinate system. Since all coefficients are independent of θ, the temperature distribution is a function of (r, z). The heat conduction equation is then written as (Ösizik, 1980):
where, ρ is the mass density, c is the specific heat, T is the temperature, and Q represents the source (or sink) terms. The spatial domain of the problem is represented by Ω , with r being the radial coordinate and z, the axial one. 
, in which k j is the thermal conductivity in the x j direction, that represents the spatial independent variable. In an axisymmetric model using cylindrical coordinates, x j represents the coordinates r and z.
The problem described by the Eq. (1) is subjected to boundary and initial conditions. The boundary conditions of interest may be of three different types: a) Dirichlet boundary condition: prescribed temperature T over a portion of the boundary Γ D :
in which n j are the outward normal direction cosines. ABCM c) Cauchy or Robin boundary condition: mixed boundary condition, in other words, prescribed flux and convection heat transfer over Γ C :
with h S representing the convective heat transfer coefficient and T h being the environmental fluid temperature.
The initial distribution of temperature i T is known for an initial time stage t i , and the initial condition is expressed by:
An Axisymmetric Finite Volume Formulation
Equation (1) can be re-written in terms of the fluxes using an integral formulation over an axisymmetric volume Ω, as:
The infinitesimal volume in a tri-dimensional model using cylindrical coordinates is given by:
, where dA is the infinitesimal cross-section area. For the axisymmetric case ∆θ = 2π, and the axisymmetric volume results in:
Substituting dΩ given by Eq. (7) in Eq. (6), excepted for the source term which will be considered in detail in the next session, we have:
The previous equation can also be written as:
Equation (9) can be re-written adopting an indicial notation, after the use of the divergence theorem, as:
in which S is the cross-sectional boundary of the volume Ω (See Figure 1) . To obtain the FV numerical formulation of Eq. (10), the computational domain is discretized into an unstructured assembly of elements. The first integral in Eq. (10) can be computed over the axisymmetric control volume associated to node I. The integral over the boundary present in the same equation is computed over the boundary face of the control volume associated to node I using an edge-based representation of the mesh. The last term, i.e. the source (or sink) thermal loads, will be detailed later in the next section. Following the approaches presented in Lyra et al. (2004a) , the semidiscrete formulation of Eq. (10), for a node I, can be conveniently expressed as:
in which A I is the cross-sectional area of the control volume associated to node I, r C is the centroid radius of that control volume and I Tˆ represents the numerically calculated temperature at node I. The centroid of the control volume is given by:
with r i being the centroid of each sub-element that form the control volume and A i is the area of the corresponding sub-element. It is important to observe that the control volume centroid coordinates do not necessarily coincide with the coordinates of node I. (11) represent the components in j direction of the area vector normal to the control volume surface. They must multiply the flux associated to edge IJ L in order to obtain the heat flux contribution of this edge to the node I. The first summation in Eq. (11) extends over all edges in the domain which are connected to node I, while the second summation corresponds to the flux contributions over a boundary edge L connected to node I. Coefficients
correspond to the axisymmetric model proposed in the present work, are computed as:
. In other words, r k represents the mid point radial coordinate of interface K and L K is the length of each interface K associated to edge IJ L . Each interface connects the element centroid (C) to the mid point (MP) of one of the edges that belong to such element (for detail see Figure 1b ). For each boundary edge, coefficient Figure 1 represents an example of a typical axisymmetric control volume and the coordinate system adopted. This figure shows the cross-section of an inner control volume and the geometrical parameters required for computing the weighting
. For the two-dimensional case, a detailed description of these geometrical parameters can be found in Lyra et al. (2004a) .
The approximation of the flux values ( )
q (Eq. 11), for the interior contribution of all edges and for the boundary edges contributions, are, respectively, given by the conventional FVM expressions as:
In order to compute the edges fluxes, it is required to know the nodal fluxes values and, consequently, the values of the gradient of the nodal temperature. Using the divergence theorem and the approximation used to compute volume integrals over a control volume surrounding node I, we have, On the other hand,
Using the same kind of approximation adopted to compute the boundary integral in Eq. (10) and considering Eqs. (14) and (15), we can express the nodal approximation of the gradient as:
Using the same approximations adopted for the calculation of edges fluxes, we have:
As stated in Lyra et al. (2004 a, b) , the use of Eq. (16) to compute the gradients implies that the discretization of the diffusion term in Eq. (11) involves information from two layers of points surrounding the point I under consideration. Furthermore, if uniform structured quadrilateral (or hexahedral) meshes are adopted, the values computed at a given node are uncoupled from the values of those nodes directly connected to it. This fact may cause "checkerboarding" or "odd-even" oscillations (Lyra, 1994) . When computing the diffusive term in non-uniform unstructured meshes, the adoption of an extended stencil and a weak coupling with the directly connected nodes may lead to some loss of robustness and reduction of convergence rate of the resulting scheme. In fact, it can be proved that this scheme is formally only first order in general triangular meshes (Svard and Nordstrom, 2003) . In order to overcome such weaknesses, the gradients must be computed in an alternative way. Following the procedure suggested in the literature (Crumpton et al., 1997 and Sorensen, 2001 ) a better approach can be developed. Summing up, the procedure consists in a new evaluation of the domain edges fluxes, considering the flux contributions in the parallel and normal directions to the edge. The parallel gradient contribution is computed by a new approximation using a second order central difference (Lyra et al., 2004a) , and the normal component is obtained as follows,
where each nodal gradient is calculated in a finite volume fashion (Eq. 16) and the edge gradient 
It is important to emphasize that, for each boundary edge, it must be calculated a different coefficient
for each node J L and I, as described just after Eq. (13).
Thermal Loads Discretization
The term Q represents the thermal sources that can act in different portions of the domain. The integral form of the thermal source Q, described in Eq. (19), can be approximated by:
where the superscripts P, C, R account for thermal sources (or "sinks") acting on a point, a curve or a region, respectively. In It is important to emphasize that the expression proposed in Eq. (20) is of course only valid in the case of thermal sources acting on axisymmetric curve or region, or point sources applied over the symmetry axis.
Boundary Conditions Discretization
For the portion of the boundary subjected to Dirichlet boundary condition, the nodal value of temperature is known, being the prescribed temperature value I T . For the imposition of Neumann boundary condition, the normal component of the flux (coming from FVM calculation) must be substituted by the prescribed flux n q .
The Robin boundary condition is implemented similarly to Neumann boundary condition, since in the explicit time formulation adopted the right hand side of Eq. (4) is known when we take the temperature value T of the previous time step. Further details are presented in Lyra et al. (2004a) .
Multi-Materials Domain
When heat transfer problems involve different material properties, the discretization of the governing equations should guarantee the correct solution through the sub-regions interfaces. The mesh generator used (Lyra & Carvalho, 2000) has the flexibility to generate consistent meshes over multi-region domains.
For each edge at the interface of two regions, the edge coefficient is computed independently for each region with the identification of the region also kept in memory. Therefore, each interface edge has two weighting coefficients, defined in Eq. (13) (Lyra et al., 2004a) .
In case of multi-materials, the discrete Equation (19) including the thermal loads terms, is then replaced by:
It is worthy to emphasize that the third summation of the right side is different of zero only when the node I is on an interface of two or more regions with different properties. The gradient values and respective fluxes are obtained in three stages. At first, the summation over the boundary edges with the Neumman and Robin boundary conditions, already prescribed (second term of right hand side -RHS -of Eq. (21)). The second stage involves the summation over all domain edges (inner and boundary) (first term of RHS Eq. (21)). Finally a double summation over the interface edges is performed (third term of RHS Eq. (21)).
During each summation the coefficients and material properties used are those correspondents to each region.
As the 2π constant appears in all equation terms, explicitly or implicitly as in the case of coefficients
practice it is removed from the computational implementation.
This procedure represents a good approximation for low ration of different material properties. For high ration, a more robust approximation is under development, see Carvalho (2005) for futher details.
Time Discretization
The time discretization is done through a simple explicit formulation ("Euler forward"), where the temperatures of node I are computed as functions of the neighborhood temperatures calculated in the previous time step (Maliska, 1995 
Numerical Results
In this section some simple, though representative academic examples are presented in order to validate and show some of the capabilities of the numerical scheme previously proposed. All steady-state solutions were obtained using the explicit transient algorithm, which is stopped when the time derivative of the temperature is not changing, i.e. the residual is below a pre-assigned tolerance, with the arbitrarily adopted value of 10 -5 . Figure 2 shows the boundary conditions of the problem. The trivial onedimensional analytical solution that satisfies the boundary conditions of this problem can be found in Özisik (1980) . For the numerical solution of the problem, three uniform isotropic unstructured triangular meshes were used, the first one with 52 elements and 37 nodes, the second one, with 102 elements and 66 nodes; and the third one with 1368 elements and 735 nodes. In Fig.  3 , the radial temperature distributions for z = 0.0 using the three meshes, are plotted together with the analytical solution and Figure  4 shows the temperature contours for the different meshes. The maximum relative errors are 0.45%, 0.33% and 0.06% for the 1 st , 2 nd and 3 rd meshes, respectively. Even for the very coarse mesh we get good results and this simple mesh study was presented just to show the proper convergence of the solution. Figure 5 presents the boundary conditions of the problem. The analytical solution that satisfies the boundary conditions of this problem can be found in Özisik (1980) . An uniform isotropic unstructured triangular mesh with 37 nodes and 52 elements was used. Figure 6 shows the temperature distribution versus time of a node at r = 3.0 m and z = 0.0. Figure (7) shows the temperature distributions for z = 0.0 at t = 110 h, t = 345 h and t = 555 h. Comparing analytical and numerical solutions, the maximum relative error for this coarse mesh was 4.9%. Figure 8 shows a cross-section of the fuel element with the cladding and the boundary conditions associated to the problem. This example is taken from Incropera & DeWitt (1998). The analytical solution that satisfies the boundary conditions of this problem can be found in ElWakil (1971) . We have used an uniform isotropic unstructured triangular mesh with 273 nodes and 484 elements. The radial temperature distribution is presented in Fig. 9 . We can observe that the numerical solution presents the expected profile. For 0 ≤ r ≤ 6mm the profile is hyperbolic due to the heat generation in the fuel element, and the temperature in the cladding presents a linear profile. Table 1 shows the temperatures at the center of the fuel element, at the interface fuel-cladding, and at the surface of the cladding. We can see the good agreement achieved when we compare the numerical solution with the analytical one. The maximum relative error obtained was 0.08%. Such example validates the multi-materials problem approximation, while it extends the applicability of the presented formulation. Figure 12 shows the numerical solution of the temperature distribution. The maximum relative error obtained when the numerical solution is compared with the 1-D analytical one (Eq. (24)) is 0.091%. It must be said that the most correct solution (i.e. closer to the physical solution) in this case is the axisymmetric numerical solution. For a different configuration of the radial fin, such as when it becomes smaller (increasing Biot number), the 1-D analytical solution does not represent anymore a good approximation to the physical problem. These conclusions can be confirmed by the results shown in Fig. 13 . The maximum relative error in this case is 1.5%. 
Conclusions
An axisymmetric finite volume formulation, using unstructured meshes is presented in this paper. This formulation was used to solve some simple, though representative heat transfer problems. The axisymmetric finite volume formulation allows the treatment of certain three-dimensional problems at low cost and high accuracy. This formulation also allows for the utilization of several twodimensional mesh adaptation tools developed in our research group with little effort (Araújo, et al, 2004 ) (work under development). Furthermore, the formulation can be extended to deal other classes of problems governed by conservation laws following with similar procedures as presented here.
In the near future, this formulation will be used to solve bioheat transfer applications such as the study of the temperature distribution in human eye with retinal implants (subretinal or epiretinal). These two kinds of implants are being used in humans who have retinitis pigmentosa or age-related macular degeneration, which are some of the leading causes of blindness in the population (Margalit et al., 2002) . Lima et al. (2004) have performed a twodimensional study of the temperature distribution in human eyes, both with and without retinal implants.
